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1 Overview of section 2.4

In section 2.4 of his thesis, Schéberl proceeds to apply the theory developed in
section 2.3 to three particular sets of equations. The application of the theory
of section 2.3 consists in:

2

1. Construct the primal system

A (u,v) = f(v)
and the dual system

B*((u,p), (v,9)) = f(v).

. Consider well-posedness of the system at ¢ = 0 in V' x Q¢ (Theorem 2.8).

Remember that Qg is AV endowed with the norm:

c(p, Av)

|IpllQy ~ sup ==
ey el

. Define a norm V x @ and consider uniform well-posedness for 0 < ¢ <1

in V x @ (Theorem 2.9). The norm on @ is given by

111G = 1Pl + ellpllz-

. Choose elements for a non-conforming discretisation V} x @y, with bilinear

form A and prove stability of the discrete system.

Nearly incompressible materials

We analyse the equations from linear elasticity and consider the stability of the
formulation in the incompressible limit. Note that the same primal formulation
arises with Stokes when enforcing incompressibility with a penalty term [3] or
with an augmented Lagrangian term [2].



2.1 Primal and dual formulations
The primal system for linear elasticity is set in
2
V = [H; p)
with the bilinear form

A% (u,v) = (e(u), e(v))o +e ! (divu, dive)g .
—_—— —_———
=:a(u,v) =:c(Au,Av)

By defining p = e~ divu, we get the dual formulation, defined in terms of the
bilinear form

B*((u,p), (v,q)) = (e(u), e(v)o + (divu,q)o + (divv, p)o — (p, ¢)o-
Thanks to Korn’s inequality, which states that
lully S lle(w)llo YueV

we have the coercivity of a(-,-).

2.2 The @y and ) norms
2.2.1 Pure Dirichlet boundary conditions

If we have pure Dirichlet boundary conditions, i.e. I'p = 92, then

Pl = ||p||L2/R

because (p.divo)
p,divv
IIpllz2/r S sup ~————— < ||pl[z2/r-
o Avlh

The lower bound follows from the inf-sup conditions on L3(Q2) = L?/R and
V = H}(Q). For the upper bound: given a constant a € R,

p,divo P+ a,divu
(pdve) _ { L < Jip+all
[Ivllx [Iv]lx

a4
— sup P AVY)

v il

< inf lp + allo = [|pl|z2/r-

Therefore, we have uniform well-posedness of B® in the norm X = @ x V', with
Q = L%(Q) with norm
Ipl13 = 11pllZ2/p + ellplf5-



2.2.2 Mixed boundary conditions

If we have mixed boundary conditions (Dirichlet + Neumann), the inf-sup con-
ditions hold over Q = L?(2) (check) and we have

(p, divv)

l[pllo < sup <lpllo
v

[lv]x
so |[pllo = ||pllg,0- This also implies that
IpI1§ < [Iplg.0 + ellplls < 2llpll§ Ve € (0,1]
and therefore we have uniform well-posedness of B on X = V x @, with

Q = L*(Q) with its usual norm.

2.3 The discrete system

The Py, — Py elements are used for the discrete velocity and pressure spaces
Xn = Vi, x Qp. Then, the discrete bilinear form A5 : V3, x V;, — R is given by

—h ——h
A5 (up,vn) = (e(up), e(vp))o + sfl(dlvuh ,divuy )o.

2.3.1 Stability in X,

We can prove that the inf-sup conditions hold in X} by constructing an appro-
priate Fortin operator. This is carried out in [1, Section 8.4.3].

Definition 1 (Fortin operator). We call I, : V' — Vj, a Fortin operator if

1. It is uniformly bounded, i.e.

[Hnol] S 1oll Vo e V.

2. It satisfies
C(Alhqu}z) = C(A’U, Qh) Vv € ‘/a th € Qh'

For our case, property 2 can be rewritten as follows:

(div (Inv), qn)o = (divv,qn)o Y, qn
— Z / div (Ipv)gp dz = Z / div (v)gp dx Yv, qn,
KeTy, K KeTs, K
= / div(Ipv —v)dz =0 Yo, K
K
= (Inv —v)-nds=0 Yo, K.
oK

A standard way to construct such an operator (see [1, Proposition 5.4.4]) is
by means of two operators I}, I? from V onto V}, as follows:



Lemma 2. Let I}L, I}QL be two operators from V onto Vj, with the following prop-
erties:

1. I} is uniformly bounded,

2. I? satisfies
c(AIFv, qn) = c(Av, qp)

(although in general it won’t be uniformly bounded),
3. I3(I — 1}) is uniformly bounded.

Then
IF =1+ 12(1-1;)

18 a Fortin operator.

For the Py — Py elements, we set I}L : 'V — V}, to be the standard Clement
interpolator, which has the optimal approximation property

Y oNE o~ Lol Sl r=0,1.
K

As a result, setting r = 1, using the triangle and Poincaré inequality, we see
that I} is uniformly bounded:

12polls < [|Zpe = olls + o]l < lvl]s-

We define I? : V — V}, by enforcing 6 (linearly independent) conditions for
each component of the vector I?v per triangle:

ol (M) =0 VM vertex of K,

/I}%Uds:/vds Ve edge of K.

This last condition implies that
/ (I}v —v) -nds =0
o0

and therefore condition 2 holds for I}ZL. ‘We now need to check condition 3. We
use a scaling argument to show that

(v = |Tv]y g < ellolly g < e (higllollox + vl )

for v € V and K = hj' K (so it has diameter 1 and the constants that arise in
inequalities do not depend on h, only on minimum angles etc.). Now,

1R = In)ull} x < e (b1 = T)ullosc + 11 = Ip)ull} ) < [Jul

2
1,K-



3 Reissner-Mindlin plate

The first part of section 2.4.3 introduces the (primal) scaled problem and
its dual counterpart. It also presents a regularity result, which motivates the
introduction of the spaces V1, V= and Q% and the characterisation of the dual
of V.

3.1 The discrete stabilised bilinear form

We work directly with the discrete problem because a stabilised h dependent bi-
linear form is considered. A stabilisation parameter p € (0, 1] is introduced.
The material parameter is

3.1.1 Primal formulation

We have the primal space
V = Hg(Q) x [Hy(Q)]?

which represents the space of transverse displacements (scalar) and rotations
(vector). The space Vj, is Py x [P]]2. Stabilised primal formulation:

A5, ((wn, Bn), (vn,61)) = a((wn, Bn), (vn, 0n)) + €~ c(An(wn, Bn), An(vn, 0n)),

where

a((wn, Br), (vn,dn)) = a’(Bn, on) + W(th — Bh, Vop, — 0n)o,

Ap(wn, Br) = Vwp, — ﬂhh7

t2u
c(phs qn) = (1 - h?+t?) Ipll5-

kp
t2

Here, a®(-,-) is uniformly continuous and coercive. Note that the bilinear forms
depend on h and t. In order to have uniform continuity and coercivity for a(-, ),
we define the norm

1
2 . 2 2
G, Bl = [1Bll% + 357z IV = Bl

Regarding || - ||, uniform norm equivalence with || - ||o depends on the value of
w e (0,1]:

if p<1: (L=wlplld <IpllZ <ol = lpllo = lIplle,
if p=1: |lp||2 ~ min (1, h*/t*)||p|[3.



For the last equivalence, note that if ;4 = 1 then we have

) t? _ I
24+h2  R2/2+1 1+ k2t

Now, we consider the function x/(1 + ) for x > 0. We have

Lgx and L<l e Lgmin(l,x).
14+ =z

1+ 1+2x —
Also,
. 1 x
if0o<z<1l: z(1+2)<2z = —z< ,
2 1+
1
1<z — >-
1+=x 2
SO
1ix2§min(l,x)

3.1.2 Dual formulation

We introduce the dual variable
. k
p=¢ Aw,p) = t—Z(Vw )
which represents the scaled shear force. We have
Q=1IL*Q) and Qp =P,.

We define the norm on @ such that we directly obtain stability:

¢(Vw = B),p)? 2
Ipllg = sup +ellpllz-
@ (w,B)eV) ||(waﬂ)”%/
Y

Using the definition of || - ||y and Cauchy-Schwartz we get the upper bound

C(vw_ﬁ)ap)g
P, = sup ———m— < (h+1)||g]le.
lplle w.pev) w83 ( lall

3.2 Stability of the discrete formulation

We construct a Fortin operator to prove that the discretisation
Vi =Py x [P Qn = [Po)?
is stable with respect to the operator

((wn, Br), qn) = c(Vwn — B, qn)-



We will show that the discrete inf-sup conditions hold by using the relaxed
criterion of Fortin. We break () into two subsets

Q= Q< UQp>y

and define

Qn<t = {q € Qn : supp(q) C <}

Qn>t = {q € Qn :supp(q) C Qp>+} -
We have

Qn = Qn<t ® Qn>t
and
pn= po + p1_, lpalld = lpoll3 + llpal3.

— =~

€EQn<t €Qn>t
Also, given the estimate for || - ||g,, for go € Qn<,

llaolle = llgoll@s +<"?llgolle < (h+t+e"?)laolle S &'/*[lol-
So, in order to show stability, we have to find an operator
IFv,-v
that is uniformly bounded and
(1) (wn, Br) = If (w0, B));  e(Vwn — Br,q1) = c(Vw = B,¢1) Va1 € Qpe-
Lemma 3. Define the operator
1 (w, 8)) = (0, Bn),

where

br
(br, 1)’

br is the bubble function in T and (-,-)7 is the L? inner product restricted to
T. This operator is uniformly bounded and satisfies (1).

Br = z (01w = B1, 1), (O2w — B2, 1))

TETh:hr>t

Proof. For uniform boundedness:
1

<

10,800l S 11881 + 5 13l
< B HIBrllo (h >t and |[Vbrllo < (7 + )" {[bel]o)
S (h+t) Y| Vw — Bllo  (Hélder’s inequality)

< [(w, Bllv-

Regarding the invariance property (1), its a straightforward consequence of the
definition:

(Vwn = Bn) = > alr(@w— B, 1 + 2|7 (@aw — B2, )7

TeETn:hr>t
= (Vw - Ba Q1)



3.3 A priori estimates

A result of having a stable discretisation is that the solution of the discrete
mixed problem is a best approximation, in the sense that
(2> H(w7ﬁ)_(whaﬂh)|‘V+||p_ph||Q

< inf w, — (vp, + . .
~ (Um"lh,l]h)EXh (||( B) ( h nh)HV ||p qhHQ)

We also have the regularity result:

(3) [[(w, B)llv+ + pllg+ < 11(g: O)lv-)=
where
lw, O = _int (ool B + 2l 3) + 11815,

l(w, O)If- = _inf (llwol[§ +¢[w,|[5) + [BII6,

w=wo+w,
lgllg+ = lpllg + 2[Ipll7.

We also have optimal interpolation operators in H*(Q)-norms

I =@ 0% v = v,

I7 Q- Qn
such that
(4) llw = I wllx < A F [, 0<E<1Lk<I<3,
(5) 18 = 1, B[k < B"181, 0<k<lk<l<2
(6) lla — IZallk < R " lally 0<k<I<I.

Our goal is to obtain approximation estimates in V' x () norms. Once we
have these, the a priori estimates follow from (2) and (3).
3.3.1 Some technical lemmas

Lemmas 2.17 and 2.18 are used to characterise the norm || - ||y/-.«. In order to
do so, a local regularisation operator at length scale ¢

AR VA U

with certain approximation properties is introduced and assumed to exist.

3.3.2 Approximation estimates in V' x (Q norms

Theorem 4. The interpolation operators have full order of approximation in
the V x Q norms:

(M T HIw, B) = I (w, B)llv- +I(w, B) = I (w, B)llv < hll(w, B)llv+,
(®) h=HI(w, B) = I (w, B)llv- + 11 (w, B)llv < [I(w, B)lv,
9) 12 (w, B)llv- < ll(w, B)llv-,



and

(10) llp = Ipllo < hllpllg+
Proof. (V~ norm in (7).) We have

Iw.B) = 1} (w. B)llv- =, _in

_inf (ol + ¢ ) + 11815,

For ||3]|o we just use the property of the I}‘L/’B, that is, (6). For the w component,
we use an adequate decomposition. Since
(a®> + 052 > a® +b* Va,b>0,
for any w € V¥ we can find a decomposition w = wg + w, such that
[lwolls +t~Hwell2 < [lw][y+.w.

Then using this inequality and the interpolation properties of I }‘L/ W that is, (4),
we get
\4
lw = I, wlly—w S P {[w]|y+ .

(V norm in (7).)

I(w, B) = I (w, B)l|v

SN =178l + () IV (w = I w) = (8= 1,7 B)llo
S hlIBll2 + (h+ )M (wo + wy) = I (wo +wr)| |y

S hIBllz + (b4 1)~ (R2[Jwolls + hllw,]2)

S hIBII2 + b (|lwolls + ¢~ [lw[]2)

so taking the infimum we have the result we want.
(V™ norm in (8).) We want to show that

1(w, 8) = I (w, B)llv- < hll(w, B)llv-

To do so, we shall use the regularisation operator from Lemma 2.17. We con-
centrate on the V™" component. We use the splitting

w— I w =TI (w - I}Y’ww) +({ -1 (w - IX’“’w)
and the definition of the V'~ norm:

lw = 1wl S I (0= L) o+ T = 1) (w = 1) o

=15 (w0 = L w) g + 67 T = 1) (0= 17w) o,

HILE (w0 = 1 w) e, + T = 1) (w = 1 w) |

0,,Qn<¢



Then, we use the properties of the regularisation operator (approximation on
Q¢ and uniform coninuity in || - [|q, ., ), see Lemma 2.17, to obtain

llw =1, w|ly—w S [[w = 1 w0, + 1w = 1 wllo,on<e-
Now, by a scaling argument (I think...),
||'UJ - I}Y’wwHO,QhSt S h||’LU - I}‘L/’wwHLQhSt
so that
Vi v, - v,
lw = I, wlly-w S lJw = Iy wllhig,., + 7w = 1, w10,

h v,
S m”w = I, wl|y

where we have used:

h
h+t<2h = 1§m on Qp>¢,

_ h
h+t§2tﬁht 1§m OthSt.

See the thesis for the last step.
(V norm in (8); uniform continuity in V.) Since

1
2 . 2 2
1w, I} s= 18I + 7519w = BII.

and we already have uniform continuity of I X #in the || - ||1 norm, we need
to do something about the second part of the V-norm. We will show that
1 }‘L/ is uniformly continuous in that norm by first showing that it is uniformly
continuous in the following seminorm:

[(w, B)IT, = [IVBI +[|Vw — BIIZ.

Schoberl shows this by using the Bramble-Hilbert lemma. This essentially boils
down to the following: Note that

Voo = {(w,8) = (a +b"2,b) :a €R, beR’} =Ker(|-|v)

and
Voo C Ker (I — 1)) = V.

Then, by a standard isomorphism theorem on normed vector spacces, | - |y is a
norm on the quotient space V/Vyy equivalent to its canonical norm, i.e.

(11) [(w, B)lv =~ inf ||(w, ) = (v,7)[h

(v,m)E€Voo

10



and, using the fact that I is continuous in || - ||; and I — I} is surjective onto
V', we have that I — I,‘l/ is an isomorphism from V/V}, onto V| i.e.

(12) I(w, B) = I (w, B)lls = inf ||(w, B) = (v,n)[s-

(v,m)€EVR

Also, on the reference element, we have the following norm equivalence:

(13) [1(w, B)llx > [[(w, B)llo + [(w, B)v--

Therefore, on the reference element (so we ignore h’s that may arise in the <),
we can deduce that

w,8) = ¥ (w, B)lv 5 1w, ) — 1} (w, D)l (by (13))
St llws) =l by (12)
< bl ) = @l (Voo Vi)
S lw,B)lv. (by (1))

Using the triangle inequality, we see that

I, (w, B)lv < |(w, B)lv

holds on the reference element. By a scaling argument, we have continuity with
respect to the seminorm

IVBI[5 + =2 Vw = BI[3.

By the properties of the interpolation operator I }Y , we also have continuity with
respect to the seminorm

IV BI[5

so therefore the operator is uniformly continuous with respect to the family of
seminorms

IVBI[5 +al[Vw - BI[§ Ya $h™>

and in particular, this holds for o = (h?+%2)~! and this establishes the uniform
continuity of the operator with respect to the V-norm.

(V™ norm in (9); uniform continuity in V)

(@ norm in (10))

3.3.3 An inverse estimate
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